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THE MODE SOLUTION OF THE WAVE EQUATION IN KASNER
SPACETIMES AND REDSHIFT
OLIVER LINDBLAD PETERSEN
Abstract. We study the mode solution to the Cauchy problem of the scalar wave equation
ϕ = 0 in Kasner spacetimes. As a first result, we give the explicit mode solution in axisymmet-
ric Kasner spacetimes, of which flat Kasner spacetimes are special cases. Furthermore, we give
the small and large time asymptotics of the modes in general Kasner spacetimes. Generically,
the modes in non-flat Kasner spacetimes grow logarithmically for small times, while the modes
in flat Kasner spacetimes stay bounded for small times. For large times, however, the modes
in general Kasner spacetimes oscillate with a polynomially decreasing amplitude. This gives a
notion of large time frequency of the modes, which we use to model the wavelength of light rays
in Kasner spacetimes. We show that the redshift one obtains in this way actually coincides with
the usual cosmological redshift.
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1. Introduction
Let throughout the paper
M :=R+ × R3,
g :=− dt2 +
3∑
j=1
t2pj (dxj)2,
where
3∑
j=1
pj
2 = 1, (1)
3∑
j=1
pj = 1. (2)
(M, g) is called a Kasner spacetime. The Kasner spacetimes are the non-trivial Bianchi type
I spacetimes satisfying Einstein’s vacuum equations, i. e. Ric(g) = 0. One observes that Kasner
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spacetimes are spatially anisotropic, they might ”expand” in one direction and ”shrink” in another
direction. It is clear that at least one pj must satisfy
0 ≤ pj ≤ 1.
If some pj = 1, then the other two must equal 0. In this case, the Kasner spacetime is flat. If
all pj 6= 1, then all pj are non-zero and the Kasner spacetime is non-flat. (See also [10, page
197].) The purpose of this paper is to study solutions to the wave equation ϕ = 0 on Kasner
spacetimes. Given a smooth function ϕ with spatially compact support, define
αω(t) := F (ϕ(t, ·))(ω),
where F is the Fourier transform on {t}×R3 and ω ∈ R3. Since the metric only depends on time,
the wave equation
ϕ = 0
transforms into linear second order ODE’s for αω. We call αω a mode solution to the wave
equation. In case of axisymmetry, αω can be written down explicitly.
Main Result 1 (Explicit solutions). If the Kasner spacetime is axisymmetric, i. e. if two of the
pi’s are equal, then αω can be given explicitly in terms of Bessel functions and Heun Biconfluent
functions.
See Theorem 3.2 and Theorem 3.4 for the precise statement. This extends results of [4]. In
general, it seems like there is no easy way to write down the solutions explicitly. We therefore
study the asymptotics of αω for t→ 0 and t→∞.
Main Result 2 (Small time asymptotics). If the Kasner spacetime is non-flat, then there are
constants c1, c2 ∈ C, depending on ω, such that
αω(t)− (c1 ln(t) + c2)→ 0,
as t → 0. If it is flat, then for a generic ω = (ω1, ω2, ω3) ∈ R3, there are constants c1, c2 ∈ C,
depending on ω, such that
αω(t)−
(
c1e
2piiω1 ln(t) + c2e
−2piiω1 ln(t)
)
→ 0,
as t→ 0.
Main Result 3 (Large time asymptotics). For any t0 > 0, there are constants c1, c2 ∈ C,
depending on ω, such that
αω(t)

 3∑
j=1
ωj
2t2−2pj


1/4
−
(
c1e
2pii
∫ t
t0
fω(u)du + c2e
−2pii
∫ t
t0
fω(u)du
)
→ 0,
as t→∞, where fω(t) :=
(∑3
j=1
ωj
2
t2pj
)1/2
.
In particular, we deduce bounds on the amplitudes:
|αω(t)| ≤ |c1|+ |c2|+ 1(∑3
j=1 ωj
2t2−2pj
)1/4
for large times t. The proofs of Main Result 2 and 3 are presented in Section 4 and 5.
We conclude that the modes start to oscillate for large times t and we call fω the large time
frequency for the mode αω. Interpreting this as the frequency of a light ray with linear momentum
ω ∈ R3, we get a notion of large time redshift. As an application, we show that the large time
redshift coincides with the classical notion of redshift, defined to be inverse proportional to the
energy of lightlike geodesics.
If p1 = p2 = p3 =
2
3 , then (M, g) is called an Einstein-de Sitter spacetime (this is not a
Kasner metric). This spacetime has a singularity structure at t = 0 similar to the non-flat Kasner
spacetime. In [9, Theorem 1.1], solutions to the wave equation are given that grow like 1t for
t→ 0. Hence they grow faster than the modes in Main Result 2, which grow like ln(t) for t→ 0.
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The wave equation ϕ = 0 has been studied on various backgrounds like Robertson-Walker
spacetimes, see e. g. [1, 6, 11] and in de Sitter and anti-de Sitter spacetimes, see e. g. [14]. It has
also been studied extensively on black hole spacetimes, see for example [7]. However, results on
the wave equation in Kasner spacetimes seem hard to find in the literature. The only reference
known to the author is [4], where certain integral operators for the solution are constructed.
The paper is structured as follows. In Section 2, we define mode solutions in Kasner spacetimes.
Section 3 is devoted for the explicit solutions in axisymmetric Kasner spacetimes. The small and
the large time asymptotics are presented in Section 4 and Section 5. The application to redshift
is given in Section 6.
Acknowledgements The author would like to thank Christian Ba¨r for introducing him to the
topic of mode solutions of wave equations and Hans Ringstro¨m for introducing him to Kasner
spacetimes. He especially would like to thank Andreas Hermann for many helpful discussions.
Moreover, he would like to thank the Berlin Mathematical School and Sonderforschungsbereich
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2. The wave equation in Kasner spacetimes
The d’Alembert operator in a Kasner spacetime is given by
 = ∂2t +
1
t
∂t −
3∑
j=1
1
t2pj
∂2j .
In order to fix the notation, let us define the Fourier transform.
Definition 2.1 (Fourier transform). For f ∈ L1(Rn), define the Fourier transform of f as
F (f)(ω) :=
∫
Rn
f(x)e2piix·ωdx,
for all ω ∈ R3.
The solution to the wave equation is decomposed into Fourier modes as follows. Let t0 ∈ R+ and
ϕ0, ϕn ∈ C∞c ({t0} × R3) be given. By [5, Theorem 3.2.11] there is a unique solution ϕ :M → R,
solving the Cauchy problem
ϕ = 0, ϕ|{t0}×R3 = ϕ0, ∂tϕ|{t0}×R3 = ϕn.
Let us write the solution as
ϕ(t, x) =
∫
R3
αω(t)e
−2piix·ωdω
for all (t, x) ∈M , where αω : R+ → C is the unique solution to
α′′ω(t) +
α′ω(t)
t
+ αω(t)4pi
2
3∑
j=1
ω2j
t2pj
= 0, ∀t ∈ R+, (3)
αω(t0) =
∫
R3
ϕ0(x)e
2piiω·xdx, (4)
α′ω(t0) =
∫
R3
ϕn(x)e
2piiω·xdx. (5)
Definition 2.2. The set of all αω in the above lemma, i. e. the solutions to (3 - 5) for different
ω ∈ R3, is called the mode solution to the wave equation in Kasner spacetimes. For a fixed ω ∈ R3,
the solution αω is called a mode.
From now on, we will study the modes αω for a fixed ω ∈ R3. It is convenient to rewrite the
ODE’s as follows.
Lemma 2.3. The solution αω in the previous theorem can be written as
αω(t) =: βω(ln(t))
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where βω : R→ C is the unique solution to
β′′ω(s) + βω(s)Kω(s) = 0, (6)
βω(ln(t0)) =
∫
R3
ϕ0(x)e
2piiω·xdx, (7)
β′ω(ln(t0)) = t0
∫
R3
ϕn(x)e
2piiω·xdx. (8)
where Kω(s) := 4pi
2
∑3
j=1 ωj
2e(2−2pj)s.
3. The explicit modes in axisymmetric Kasner spacetimes
Let us give the explicit solutions to equations (3 - 5) for axisymmetric Kasner spacetimes. This
subclass includes the flat Kasner spacetimes. Up to permutation of the indices, there are two
possibilities.
Remark 3.1. If p = (p1, p2, p3) satisfies (1), (2) and two of the pi are equal, then
{p1, p2, p3} = {1, 0, 0} (flat Kasner metric)
or {p1, p2, p3} =
{
−1
3
,
2
3
,
2
3
}
.
3.1. The explicit mode solution in flat Kasner spacetimes. Choose
p1 = 1, p2 = p3 = 0,
the other cases are analogous. Equation (3) becomes
α′′ω(t) +
α′ω(t)
t
+ 4pi2αω(t)
(
ω1
2t−2 + ω2
2 + ω3
2
)
= 0,
for all t ∈ R+. We will see that for generic ω ∈ R3, the solution can be expressed by Bessel
functions. The Bessel functions of first and second kind, usually denoted by Jν , Yν : C → C for
ν ∈ C are linearly independent solutions to the Bessel equation
x2y′′(x) + xy′(x) + (−ν2 + x2)y(x) = 0. (9)
See e. g. [2] for the definitions and basic properties of Bessel functions.
The solution for ω2
2 + ω3
2 6= 0, one can find in [4, Section II]. We complete the list by adding
the solution when ω2 = ω3 = 0.
Theorem 3.2 (The explicit solution in flat Kasner spacetimes). Let (M, g) be a flat Kasner
spacetime with p1 = 1, p2 = p3 = 0. The solution to equations (3 - 5) is given by the following,
for the different cases of ω = (ω1, ω2, ω3) ∈ R3:
• ω1 = ω2 = ω3 = 0:
αω(t) = α
′
ω(t0) ln
(
t
t0
)
t0 + αω(t0),
• ω1 6= 0, ω2 = ω3 = 0:
αω(t) = c1e
2piiω1 ln(t) + c2e
−2piiω1 ln(t),
• ω22 + ω32 6= 0:
αω(t) = c1J2ipiω1
(
2pit
√
ω22 + ω
2
3
)
+ c2Y2ipiω1
(
2pit
√
ω22 + ω
2
3
)
,
where c1, c2 ∈ C are constants depending on the initial data given in (4) and (5).
Proof. The proof is a simple verification. 
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3.2. The explicit mode solution in axisymmetric non-flat Kasner spacetimes. Let
p1 = −1
3
, p2 = p3 =
2
3
,
the other cases are analogous. Equation (3) becomes
α′′ω(t) +
α′ω(t)
t
+ 4pi2αω(t)
(
ω1
2t2/3 + (ω2
2 + ω3
2)t−4/3
)
= 0,
for all t ∈ R+.
In addition to the Bessel functions, the solution will be expressed in terms of a so called ”Heun
Biconfluent function”. The definition of the Heun Biconfluent functions follows the documentation
of the computer algebra system Maple, which in turn refers to [8]. See also [3] for a discussion of
the Heun Biconfluent function. The literature list of [3] includes several examples from physics
and mathematics where this function is used and its properties discussed.
Definition 3.3 (Heun Biconfluent function). [8] The Heun Biconfluent function
HeunB(α, β, γ, δ, ·) : C → C of the fixed constants α, β, γ, δ ∈ C, α 6= −1 is defined as the
unique solution to
xy′′(x) − (βx+ 2x2 − α− 1) y′(x)− 1
2
((2α− 2γ + 4)x+ βα+ β + δ)y(x) = 0,
such that
y(0) = 1, y′(0) =
αβ + β + δ
2α+ 2
.
We need the Heun Biconcluent function only in the case where all constants vanish except δ.
In this case
HeunB(0, 0, 0, δ, ·) : C→ C
is the unique solution to
xy′′(x) +
(
1− 2x2) y′(x)− (2x+ δ
2
)
y(x) = 0,
such that
y(0) = 1, y′(0) =
δ
2
.
Theorem 3.4 (The explicit solution in non-flat axisymmetric Kasner spacetimes). Let (M, g) be
a (non-flat) Kasner spacetime with p1 = − 13 , p2 = p3 = 23 . The solution to equations (3 - 5) is
given by the following for the different cases of ω = (ω1, ω2, ω3) ∈ R3:
• ω1 = ω2 = ω3 = 0:
αω(t) = α
′
ω(t0) ln
(
t
t0
)
t0 + αω(t0),
• ω1 6= 0, ω2 = ω3 = 0:
αω(t) = c1J0
(
3
2
piω1t
4/3
)
+ c2Y0
(
3
2
piω1t
4/3
)
,
• ω1 = 0, ω22 + ω32 6= 0:
αω(t) = c1J0
(
6pi
√
ω22 + ω32t
1/3
)
+ c2Y0
(
6pi
√
ω22 + ω32t
1/3
)
,
• ω1 6= 0, ω22 + ω32 6= 0:
αω(t) =e
3
2
pii|ω1|t
4/3
HeunB
(
0, 0, 0, δω, Lωt
2/3
)
·
(∫ t
t0
e−3pii|ω1|u
4/3
HeunB
(
0, 0, 0, δω, Lωu2/3
)2
u
du · c1 + c2
)
,
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where
δω := −18pi2ω2
2 + ω3
2
Lω
,
Lω :=
√
3
2
pi |ω1|(1 + i),
and c1, c2 ∈ C are constants depending on initial data (4) and (5).
Proof. The proof is a straightforward verification. 
4. Small time asymptotics of the modes in general Kasner spacetimes
Theorem 4.1 (The asymptotics for small times). Let (M, g) be a Kasner spacetime and let
ω ∈ R3. Assume first that if some pj = 1, then ωj = 0. Then there exist constants c1, c2 ∈ C,
depending on ω, such that
αω(t)− (c1 ln(t) + c2)→ 0
as t→ 0. If pj = 1 and ωj 6= 0, then
αω(t)−
(
c1e
2piiωj ln(t) + c2e
−2piiωj ln(t)
)
→ 0
as t→ 0, for some constants c1, c2 ∈ C depending on ω.
Remark 4.2 (Optimal bound on the growth for small times). We claim that the constants c1 and
c2 in the previous theorem cannot be set to zero in general. Theorem 3.4 implies that if p1 = − 13
and p2 = p3 =
2
3 and ω2 = ω3 = 0, the solution is given by
αω(t) = c˜1J0
(
3
2
piω1t
4/3
)
+ c˜2Y0
(
3
2
piω1t
4/3
)
,
where c˜1, c˜2 ∈ C. If we choose initial data so that c˜1 = 0 6= c˜2, then |αω(t)| → ∞ as t→ 0, so we
cannot set c1 = 0 in general. If we choose the initial data so that c˜1 6= 0 = c˜2, then αω(t) → c˜1
as t→ 0, so c2 does not vanish in general. An analogous argument holds in the flat Kasner case,
using Theorem 3.2. Hence the result of Theorem 4.1 is optimal.
We proceed by proving the theorem.
of Theorem 4.1. Since the statement is trivial if ω = 0, let us assume that ω 6= 0. Assume first
that (M, g) is a non-flat Kasner spacetime or that (M, g) is a flat Kasner spacetime with ωj = 0
for the index j such that pj = 1. Recall that by Lemma 1, equation 3 is equivalent to equation 6.
The above assumptions are exactly what is needed for Kω(s) to decay exponentially as s→ −∞.
The crucial observation in the proof is that
d
ds
(
β′ω(s)
2 +Kω(s)βω(s)
2
)
= 2β′ω(s)
(
β′′ω(s) +Kω(s)βω(s)
)
+K ′ω(s)βω(s)
2
= K ′ω(s)βω(s)
2 ≥ 0,
since Kω is everywhere increasing. Hence
β′ω(s1)
2 +Kω(s1)βω(s1)
2 ≤ β′ω(s2)2 +Kω(s2)βω(s2)2 (10)
for any s1 ≤ s2. Fix sc ∈ R, and define
C := β′ω(sc)
2 +Kω(sc)βω(sc)
2.
The estimate (10) implies that
Kω(s)βω(s)
2 ≤ C
for all s ≤ sc and hence
|β′′ω(s)| ≤ Kω(s) |βω(s)| ≤
√
Kω(s)
√
C,
for all s ≤ sc. Since Kω decays exponentially for s → −∞, this implies that β′′ω ∈ L1(−∞, sc).
Therefore, as s→ −∞,
β′ω(s) = −
∫ sc
s
β′′ω(u)du+ β
′
ω(sc)→ −
∫ sc
−∞
β′′ω(u)du + β
′
ω(sc) =: c1 ∈ R.
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We now claim that there exists a c2 ∈ R such that
βω(s)− sc1 → c2
as s→ −∞. To see this, note that
β′ω(s)− c1 =
∫ s
−∞
β′′ω(u)du ≤
∫ s
−∞
|β′′ω(u)| du ≤
√
C
∫ s
−∞
√
Kω(u)du
decays exponentially as s→ −∞. In particular,
β′ω(s)− c1 ∈ L1(−∞, sc)
and hence
βω(s)− c1s = −
∫ sc
s
β′ω(u)du+ βω(sc)− c1s
= −
∫ sc
s
[
β′ω(u)− c1
]
du− c1sc + βω(sc)
→ −
∫ sc
−∞
[
β′ω(u)− c1
]
du− c1sc + βω(sc) =: c2,
as s→ −∞.
Reformulating the convergence using
βω(ln(t)) = αω(t)
implies that
αω(t)− c1 ln(t)→ c2
as t→ 0.
For the second statement, it is enough to check the result in Theorem 3.2 and to recall the
small time asymptotics for Bessel functions with imaginary parameter ν, see e. g. [2]. 
5. Large time asymptotics of the modes in general Kasner spacetimes
Theorem 5.1 (The asymptotics for large times). Let (M, g) be a Kasner spacetime and let ω 6=
0 ∈ R3. Then there exist constants c1, c2 ∈ C, depending on ω, such that
αω(t)

 3∑
j=1
ωj
2t2−2pj


1/4
−
[
c1e
2pii
∫ t
t0
fω(u)du + c2e
−2pii
∫ t
t0
fω(u)du
]
→ 0,
as t→∞, where
fω(t) :=

 3∑
j=1
ωj
2
t2pj


1/2
.
In particular, there exists a T ≥ 0 such that
|αω(t)| ≤ |c1|+ |c2|+ 1(∑3
j=1 ωj
2t2−2pj
)1/4 (11)
for all t ≥ T .
Theorem 5.1 implies that the amplitudes of the modes are monotone decreasing, but also that
the modes start to oscillate as trigonometric functions. For trigonometric functions, we have a
natural definition of frequency. We define this frequency as the ‘large time frequency‘ of the modes.
Definition 5.2 (Large time frequency of αω). We define the large time frequency of a mode αω
to be fω as in Theorem 5.1.
Corollary 5.3 (Large time frequency in flat and non-flat Kasner spacetimes).
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• Let (M, g) be a flat Kasner spacetime with pj = 1. Then
fω(t)→
√
ωk2 + ωl2, as t→∞, k, l 6= j.
as t→∞.
• Let (M, g) be a non-flat Kasner spacetime, with − 13 ≤ pk < 0. If ωk 6= 0, then
fω(t)→∞
as t→∞, otherwise
fω(t)→ 0
as t→∞.
It follows that the large time frequency, for a generic choice of ω ∈ R3, converges to a constant in
flat Kasner spacetimes and goes to infinity in non-flat Kasner spacetimes. We proceed by proving
the theorem. For this we will use the following lemma.
Lemma 5.4. Assume that K : (a,∞)→ R+ is smooth and v : (a,∞)→ R satisfies
v′′(s) +K(s)v(s) = 0, ∀s ∈ (a,∞). (12)
Assume furthermore that
ψK := K
− 1
4
d2
ds2
(
K−
1
4
)
∈ L1(a,∞)
and that
K1/2 /∈ L1(a,∞).
Then there exist solutions v1, v2 : (a,∞)→ C to equation (12) such that
v1(s)e
−i
∫ s
a
K(u)1/2duK(s)1/4 → 1
v2(s)e
i
∫
s
a
K(u)1/2duK(s)1/4 → 1
when s→∞.
Proof. This is a special case of [12, Proposition 3.2]. 
We apply this result to our case.
of Theorem 5.1. Recall, by Lemma 2.3, that equation (3) is equivalent to equation (6). We claim
that the assumptions in Lemma 5.4 are satisfied with K = Kω. Since ω 6= 0, note that Kω
is nonzero and constant or grows exponentially as s → ∞. If Kω is a nonzero constant, the
assumptions in Lemma 5.4 are trivially satisfied. Assume therefore that Kω is exponentially
growing. Note that
ψKω(s) = Kω(s)
−1/4 d
2
ds2
(
Kω(s)
−1/4
)
=
1
4Kω(s)1/2
(
5
4
K ′ω(s)
2
Kω(s)2
− K
′′
ω(s)
Kω(s)
)
.
We claim that the term
K′′ω(s)
Kω(s)
is bounded. Let k be an index such that ωk 6= 0 and pk ≤ pj for
all j such that ωj 6= 0. By factoring out e(2−2pk)s from both numerator and denominator, we see
that
K ′′ω(s)
Kω(s)
=
∑3
j=1(2− 2pj)2ωj2e(2−2pj)s∑3
j=1 ωj
2e(2−2pj)s
=
∑3
j=1(2 − 2pj)2ωj2e2(pk−pj)s∑3
j=1 ω
2
j e
2(pk−pj)s
Since pk−pj ≤ 0, we see that both denominator and numerator converge as s→∞. Furthermore,
the denominator is bounded from below by ωk
2. This implies that the quotient converges when
s→∞. Analogously, one proves that the term K′ω(s)2Kω(s)2 converges and it follows that
5
4
K ′ω(s)
2
Kω(s)2
− K
′′
ω(s)
Kω(s)
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is bounded as s → ∞. Hence it suffices to show that K−1/2ω ∈ L1(a,∞), in order to prove that
ψKω ∈ L1(a,∞). But this is clear, since Kω grows exponentially as s → ∞. What remains in
order to apply Lemma 5.4 is to show that K
1/2
ω /∈ L1(a,∞). Again, this is clear, since Kω grows
exponentially.
We can therefore apply Lemma 5.4 and conclude that there exist solutions β1ω, β
2
ω : (a,∞)→ C
to equation (6) such that
β1ω(s)e
i
∫
s
a
Kω(u)
1/2duKω(s)
1/4 → 1,
β2ω(s)e
−i
∫ s
a
Kω(u)
1/2duKω(s)
1/4 → 1,
which is equivalent to
β1ω(s)Kω(s)
1/4 − e−i
∫ s
a
Kω(u)
1/2du → 0, (13)
β2ω(s)Kω(s)
1/4 − ei
∫
s
a
Kω(u)
1/2du → 0. (14)
It follows that β1ω and β
2
ω are linearly independent, therefore there exist constants c1, c2 ∈ C such
that
βω = c1β
1
ω + c2β
2
ω.
We now substitute back using αω(t) = βω(ln(t)). Note that
Kω(ln(t)) = 4pi
2
3∑
j=1
ωj
2t2−2pj ,
∫ ln(t)
a
Kω(u)
1/2du =
∫ t
ea
Kω(ln(u))
1/2 1
u
du
= 2pi
∫ t
ea

 3∑
j=1
ωj
2
u2pj


1/2
du.
Note that we can, by change of the parameters c1, c2 if necessary, choose a = ln(t0). Inserting this
in equations (13) and (14) implies the theorem. 
6. Application: Redshift in Kasner spacetimes
Light rays in general relativity are modelled by lightlike geodesic. It is well-known that the
wavelength of a light ray changes under the impact of a gravitational field. This phenomenon
is called redshift. In general relativity, one usually models the wavelength of a lightlike geodesic
as being inverse proportional to the energy of the lightlike geodesic modelling the light ray. The
question for this section is, can we instead model the wavelength of light using a mode of the wave
equation? In Minkowski space, this is true, since the Maxwell equations for light simplify to the
wave equation. One important difference between Kasner spacetimes and Minkowski spacetimes
is the ‘Big Bang‘ at t = 0. Therefore, one can only expect a well-defined notion of wavelength,
modeled by the wave equation, for large times. We will use a notion of ‘large time wavelength‘,
simply the inverse of the ‘large time frequency‘ defined in the previous section. It is shown that
the redshift one obtains using this definition of wavelength coincides with the classical notion of
redshift.
Let us start by fixing a lightlike geodesic. We specify the initial data for the lightlike geodesic
on the Cauchy hypersurface {t0} × R3. We want to consider a light ray γ sent out at time t0 at
an arbitrary point x0 in space with the initial (spatial) direction given by an arbitrary vector v.
Fixing a lightlike geodesic. Let γ : I ⊂ R → M be the future pointing lightlike geodesic, written
in coordinates as
γ(s) = (t(s), x1(s), x2(s), x3(s)),
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with the initial data
γ(s0) = (t0, x0),
γ′(s0) =

 3∑
j=1
vj
2t0
2pj , v

 ∈ T(t0,x0)M,
for fixed x0, v ∈ R3. Note that γ is indeed lightlike. Since ∂j for j = 1, 2, 3 are Killing vector
fields, the linear momentum of γ is conserved,
〈∂j , γ′(s)〉 = t02pjvj =: aj ∈ R.
The two notions of wavelength. Let us first present the usual way of describing wavelength of
a lightlike geodesic. The redshift using this definition of wavelength is called the cosmological
redshift and is presented for Robertson-Walker spacetimes in [13, p. 353]. We generalize this
classical notion to Kasner spacetimes by defining the wavelength analogously.
Definition 6.1 (Wavelength inverse proportional to the energy). Let γ : I →M be the lightlike
geodesic we fixed above. The wavelength using the energy λEγ : I → R+ of γ is defined as
λEγ (s) :=
h
Eγ(s)
,
for all s ∈ I, where h is the Planck constant and Eγ(s) is the energy measured by ∂t.
We now turn to our model of the wavelength of γ as a mode αω of the wave equation. A natural
choice of ω is the linear momentum of γ, i. e.
ωj := 〈∂j , γ′(s)〉 = aj.
Definition 6.2 (The large time wavelength). Let γ : I ⊂ R → M be the lightlike geodesic we
fixed above. The large time wavelength λLTγ : I → R+ of γ, measured by ∂t is defined as
λLTγ (s) :=
1
fa(t(s))
,
for all s ∈ I, where t : I → R+ is the time component of γ and fa(t) is the large time frequency
(see Definition 5.2) of the mode αa, where a is the (conserved) linear momentum of γ.
Comparison of the obtained redshifts.
Definition 6.3 (Redshift of the lightlike geodesic γ.). Let γ : I ⊂ R→M be the lightlike geodesic
we fixed above. Let p and q be in the image of γ, and let sp < sq ∈ I be such that γ(sp) = p and
γ(sq) = q. Assume that the wavelength of γ observed by ∂t is given by a function λγ : I → R+.
Then the redshift between p and q relative to the observer field ∂t is defined by
zγ(p, q) :=
λγ(sq)− λγ(sp)
λγ(sp)
.
The redshift is independent of whether we choose to model the wavelength using the energy or
the large time wavelength:
Theorem 6.4. Let (M, g) be a Kasner spacetime and let γ be the above fixed geodesic with initial
spatial direction v. Let p and q be in the image of γ, and let sp < sq ∈ I be such that γ(sp) = p and
γ(sq) = q. The redshift obtained by using λ
LT
γ as wavelength coincides with the redshift obtained
by using λEγ as wavelength and equals
zγ(p, q) =


∑3
j=1
aj
2
t(sp)
2pj∑3
j=1
aj2
t(sq)
2pj


1/2
− 1,
where t : I → R+ is the time coordinate of γ and a is the (conserved) linear momentum of γ.
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Proof. Theorem 5.1 implies that
fa(t) =

 3∑
j=1
aj
2
t2pj


1/2
,
and therefore
λLTγ (s) =
1
fa(t(s))
=
1(∑3
j=1
aj2
t(s)2pj
)1/2 .
Inserting this into Definition 6.3 proves the first part. By definition of the geodesic being lightlike,
0 =〈γ′(s), γ′(s)〉
=− (t′(s))2 +
3∑
j=1
(xj)′(s)〈∂j , γ′(s)〉
=− (t′(s))2 +
3∑
j=1
〈∂j , γ′(s)〉2
t(s)2pj
=− (t′(s))2 +
3∑
j=1
aj
2
t(s)2pj
,
for all s ∈ I. This implies that the energy is given by
Eγ(s) = −〈γ′(s), ∂t〉 = t′(s) =

 3∑
j=1
aj
2
t(s)2pj


1/2
and hence
λEγ (s) =
h
Eγ(s)
=
h(∑3
j=1
aj2
t(s)2pj
)1/2 ,
for all s ∈ I. Inserting into Definition 6.3 finishes the proof. 
References
[1] B. Abbasi, W. Craig, On the initial value problem for the wave equation in Friedmann-Robertson-Walker
spacetimes. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 470 (2014), no. 2169.
[2] M. Abramowitz, I. A. Stegun, Handbook of mathematical functions with formulas, graphs, and mathematical
tables. National Bureau of Standards Applied Mathematics Series, 55. Washington, D.C. (1964)
[3] E. R. Arriola, J.S. Dehesa, A. Zarzo, Spectral properties of the biconfluent Heun differential equation. J. Comput.
Appl. Math. 37 (1991), no. 1-3, 161–169.
[4] E. Battista, G. Esposito, E. Di Grezia, Bicharacteristics and Fourier integral operators in Kasner spacetime.
Int. J. Geom. Methods Mod. Phys. 12 (2015), no. 5, 1550060, 29 pp.
[5] C. Ba¨r, N. Ginoux, F. Pfa¨ffle, Wave equations on Lorentzian Manifolds and Quantization. ESI Lectures in
Mathematics and Physics, EMS, Zu¨rich (2007)
[6] A. Beier, Diplomarbeit: Wave equations on Robertson-Walker spacetimes and cosmological redshift. Humboldt-
Universita¨t, Berlin. (2011)
[7] M. Dafermos, I. Rodnianski, Y. Shlapentokh-Rothman Decay for solutions of the wave equation on Kerr exterior
spacetimes III: The full subextremal case |a| < M . Ann. Math. 183 (2016), no. 3, 787-913.
[8] A. Decarreau, M.C. Dumont-Lepage, P. Maroni, A. Robert, A. Ronveaux, Formes Canoniques de Equations
confluentes de l’equation de Heun. Ann. Soc. Sci. Bruxelles Se´r. I 92 (1978), no. 1-2, 53–78.
[9] A. Galstian; T. Kinoshita; K. Yagdjian, A note on wave equation in Einstein and de Sitter space-time. J. Math.
Phys. 51 (2010), no. 5, 052501, 18 pp.
[10] E. Herlt, C. Hoenselaers, D. Kramer, M. Maccallum, H. Stephani, Exact Solutions of Einstein’s Field Equa-
tions.. Cambridge University Press, Cambridge. (2003)
[11] S. Klainerman, P. Sarnak, Explicit solutions of u = 0 on the Friedmann-Robertson-Walker space-times. Ann.
Inst. H. Poincare´ Sect. A (N.S.) 35 (1981), no. 4, 253–257.
[12] G. Metafune, M. Sobajima, An elementary proof of asymptotic behaviour of solutions of u′′ = V u. Preprint
arXiv: 1405:5659. (2010)
[13] B. O’Neill, Semi-Riemannian geometry: With applications to general relativity. Academic Press, San Diego.
(1983)
12 OLIVER LINDBLAD PETERSEN
[14] D. Polarski, The scalar wave equation on static de Sitter and anti-de Sitter spaces. Classical Quantum Gravity
6 (1989), no. 6, 893–900.
Universita¨t Potsdam, Institut fu¨r Mathematik, Karl-Liebknecht-Str. 24-25, 14476 Potsdam OT
Golm, Germany
URL: http://www.math.uni-potsdam.de/professuren/geometrie/personen/oliver-lindblad-petersen/
E-mail address: lindblad@uni-potsdam.de
